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This paper applies the max–min approach proposed by Ji-Huan He to the relativistic
oscillator. Comparison with the exact solution shows that the method is very effective and
convenient for solving nonlinear equations.
© 2009 Published by Elsevier Ltd
1. Introduction
We consider the following relativistic oscillator [1]:
u′′ + u√
1+ u2 = 0 (1)
with initial conditions u(0) = A, u′(0) = 0.
There are several methods used to find approximate solutions to the above nonlinear oscillator, such as the homotopy
perturbation method [1–3]. An excellent review on some asymptotic methods for solving strongly nonlinear equations can
be found, in detail, in Ref. [4]. The purpose of this paper is to determine the periodic solutions to the relativistic oscillator
system by applying the max–min approach [5] which is based on ancient Chinese mathematics [6,7].
2. The max–min approach
We rewrite Eq. (1) in the form
u′′ = −f (u)u (2)
where f (u) = − 1√
1+u2
.
If f (u) = Constant = ω2, we can obtain the following exact solution:
u = A cosωt. (3)
By simple analysis, for Eq. (1) we know that
1√
1+ A2 < ω
2 < 1, (4)
where ω is the frequency of the oscillator.
In order to apply He Chengtian’s interpolation [5–7], we rewrite Eq. (7) in the following form:
1
1+ A2 < ω
4 <
1
1
. (5)
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(a) A = 0.1, ω = 0.9982. (b) A = 1, ω = 0.8736.
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(c) A = 10, ω = 0.3540. (d) A = 100, ω = 0.1128.
Fig. 1. Comparison of the approximate solution with the exact one. Continuous line: approximate solution; discontinuous line: exact solution.
According to He Chengtian’s interpolation [5–7], we obtain
ω4 = m+ n
n+m(1+ A2) =
1
1+ kA2 (6)
wherem and n are weighting factors, k = mm+n (0 < k < 1).
Obviously, the frequency can be approximated by
ω = (1+ kA2)− 14 . (7)
In order to determine the value ofk in (7), we rewrite Eq. (1) in the form
u′′ + u√
1+ kA2 =
u√
1+ kA2 −
u√
1+ u2 . (8)
If the frequency obtained, Eq. (7), happens to be the exact one, the right-hand side of Eq. (8) vanishes completely; however,
such a case will never occur; we therefore set [5]∫ T
4
0
(
u√
1+ kA2 −
u√
1+ u2
)
cosωtdt = 0, T = 2pi/ω (9)
or
pi
4
· 1√
1+ kA2 −
∫ pi
2
0
cos2 s√
1+ A2 cos2 sds = 0 (10)
from which k can be easily determined.
The approximate solution can be expressed in the form
u(t) = A cos
[
(1+ kA2)− 14
]
(11)
where k is determined from Eq. (10).
Fig. 1 shows that the approximate solution, Eq. (11), agrees very well with the exact solution for various different values
of A.
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3. Conclusions
The max–min approach is an extremely creative method. The results obtained are of high accuracy and valid for the
whole solution domain. This method can be extended to various nonlinear oscillators without any difficulty.
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